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Abstract  
With chaotic sequence  optimization algorithm ,the function  optimization  problem  for analyzing data pumping test 
conducted in aquifer to estimate  such aquifer parameters as transmissivity and storage coefficient was to be 
solvedˊWith such different key parameters of the algorithm as the number of coarse search loops, the length of 
chaotic sequence and the initial guess value ranges  of  transmissivity of aquifer, simulation experiment was 
conducted to explore the effect of  these key parameters on the convergence of the algorithmˊThe results show: 1) 
that chaotic sequence optimization algorithm may be successfully applied to solve the function optimization  problem 
to analyses  pumping test data for  determining aquifer  parameters of aquifer , 2) that the longer sequence length of 
chaotic sequence and the larger number  of coarse search loops may not effectively improve the convergence of  
algorithm, 3) and that the range of initial guess value of  transmissivity of aquifer may brings some  influence on the 
convergence of algorithm , but does not affect  the final result  of  computation ˊ Compared with current methods,  
the chaotic  sequence optimization method is of such advantages as that the principle of algorithm is easy to 
understand ,  the procedure of the algorithm is easier to be programmed and conducted,and the precision of aquifer 
parameters calculated may not be affected by artificial subjective factorsˊFinally, it is necessary to point out that 
this method is of wider scope of application . 
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1.Introduction 
Analyzing the data of unsteady pumping test conducted in aquifer is the one of main ways for 
estimating aquifer parameters such as transmissivity and storage coefficient, which are important 
parameters for evaluation and exploitation of groundwater resources. Since  Theis’  formula was 
presented in 1935 ΰTheis, C. V.,1935α, it has been becoming  one   basic  formula used for analyzing 
pumping test data to determinate aquifer parameters owing to that  its form is simply and it can account 
for groundwater head variation law in some degree . However ,  Theis’ formula  is a  implicit function of 
aquifer parameters to be determinated ,  it can’t be solved directly . In fact , the calculation problem of 
aquifer  parameters from the data of yield pumping test based on Theis’ formula can  be  transformed into 
the one of solving a non-linear equation set (Li Jingsheng, Derek Elsworth,1995, ). Many methods of 
estimating aquifer parameters have been put forward in order to solve this problem of non-linear equation 
set. Type curve  matching method  based on Theis’ formula is the one of most basically  and commonly  
used methodsΰChen Congxi,Lin Min,1999α.  In the procedure of applying this method, the actual 
curve of drawdown with pumping time after pumping starts in observation well should match with 
theoretical type curve of dimensionless drawdown-time. In this procedure, the artificial subjective 
randomness may not be avoided to bring some influence on the accuracy of calculation results. Jacob 
linear-graphical method (Chen Congxi,Lin Min,1999) is also a conventional and wider used simplified 
method , when used  the conditions of   longer pumping  time or smaller distance between pumping well 
and observation well need  to be met . The non-linear least square method are also conventional valid 
method for solving this non-linear problem(Qi Xuebing,1995), the computation is conducted in the way 
of successive iteration (Qi Xuebing,1995). When non-linear least square method is applied, the  accuracy 
of  aquifer  parameters estimated can’t be influenced by artificial subjective factors, but it need to  choose 
the suitable initial guess values of aquifer parameters for beginning iteration,  otherwise calculation may  
not be convergence or without unique solution. In 2000, S.K.Sushil ΰ  Sushil, K.Singh.,2000 α
presented  one  method , which  when applied can avoid the possible artificial subjective factors influence 
on the computation results of aquifer parameters which occurs  in applying the  type curve match 
method , but it need a observation drawdown data corresponding to the special value of dimensionless 
time (u=0.4348), and a special curve should be plotted and the peak value of this curve be taken by 
graphic method from this curve, hence , this  method is limited  in practice use in some extend. The 
method of drawdown derivative about time presented by S.K.Sushil in 2001 (Sushil,K.Singh.,2001 ) may 
not  assure the accuracy of the aquifer parameters.  The reason is that  the course of applying this 
method , the values of difference quotients are used to replace those of derivatives under such condition 
that  the time of pumping is longer or the curve of drawdown with time is flatter . Recently, many kinds 
of intelligent optimization algorithms such as genetic algorithmΰManoj  P. Samuel, Madan  K. 
Jha, ,2003α, modified simulation annealing algorithmΰZhang Juanjuan , Guo Jianqing and Han 
Shumin,2005αand particle swarm optimization algorithm(Guo Jianqing, Li Yan, Wang Hongsheng 
and etc,2008) have been used in estimating aquifer parameters from the data of pumping test . Chaotic 
series can  go through all kinds of state space in some extent,  which  is the basic characteristic of  chaotic 
series , so it can be used in solving non-linear function optimization problem for estimating aquifer 
parameters( Wang Ling,2001 ). Because chaotic series is of randomness and ergodic characteristics, the 
results of chaotic sequence optimization algorithm is global optimal solution of function optimization 
problem. In fact, estimation of aquifer parameters based on Theis formula is one non-linear function 
optimization problem. On the other hand, chaotic sequence optimization algorithm is of wider range of 
application, because it belongs  to direct and random search which doesn’t need special requirements for 
objective function. In this paper, the authors attempt to apply the chaotic sequence optimization algorithm 
to estimate aquifer parameters with pumping test data that meet Theis formula’s condition. The numerical 
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experiments were conducted to explore the effect of such different key parameters of the algorithm as the 
number of coarse search loops, the length of chaotic sequence and the initial guess value ranges of 
transmissivity on the convergence of algorithm.  
2.The algorithm of chaotic sequence  optimization 
According to the referenceΰ Wang Ling,2001α ,the whole procedure of chaotic sequence 
optimization algorithm  can be divided two stages , one  is the coarse search stage and the other is fine 
search stage. In the stage of coarse search, all possible states are tried to go through the whole solution 
space by using ergodical tracks of logistic iterations. If  the stop condition of  coarse search is met, the 
better solution so far which is near most optimization one may be found,  and the values of  the  final 
values of state of coarse search stage  are taken as the initial values of  second stage of  search, that is the 
beginning of  fine search stage . In the second stage,  results of first stage is  taken  as  initial center 
values, around which fine search can go  through by  adding smaller chaotic disturbance until final stop 
condition is met.  
Based on the  principle  mentioned above, chaotic variables  of  logistic mapping are used in search 
procedure  by transformation method, that is, ergodical  ranges of chaotic variables is transformed into 
the definition ranges of the aquifer parameters to be estimated , then two stages of  search can be carried 
on by using chaotic variables. In order apply this method correctly, the whole computation steps is 
described in detail as following: 
Step 1. If k =1, for logistic mapping, where k is the number of coarse search loops, then  șn+1=4șn(1-
ș), and different initial values of  șn were  given with smaller differences , where the number i is different 
variation tracks   of  chaotic variables și,n+1. Where i is the number of aquifer parameter estimated, n+1 
is the length of chaotic sequence. 
Step 2. By transformation of  ș`n+1=Bi.1+Bi,2și,n+1, chaotic variables  ș’n  which is real aquifer 
parameter become  the ones to be optimized, where Bi.1 and Bi,2 are constants  which  are used for scale 
transformation from chaotic variable to the one of real aquifer parameter.  
Step 3. Search iteration can be carried on by chaotic transformation. Let și(k)=ș`i,n+1, the values of 
function )(kM  to be optimized was calculated and let și*=și(0) and )0(MM  

. If 
 MM )(k , then let )(kMM   , ș’i*=ș’i(k), else  ș’i(k) was abandoned, let k=k+1. 
Step 4  if the value 
M  is unchanged  or k is larger than  L1(maximum number of coarse search loops 
given in advance) after step 3, the stage of coarse search stops and the fine search stage starts , else  
returns  to step 3. 
Step 5. Let k`=1(where k’ is the number of fine search loop), the second transformation is conducted  
by 1,
*``
1, '   niiini TDTT ,where iD  are disturbance coefficient and 1, niiTD  are smaller chaotic 
disturbance variables. 
Step 6.  Iteration search are carried on by the second chaotic transformation. let și(k`)=ș’i,n+1, the 
value of objective function M (k’) is  calculated. If M (k`)  M and )'(kMM   , let și*=și(k’), else și(k’) was 
abandoned, let k’=k’+1. If stop condition is met, the values of optimization solution și*  is final result of 
aquifer parameters, else returns step 5, let L2=K`max (K`max is maximum number of fine search ).  
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3.Objective function and key parameters 
3.1.Theis formula and the value of well function 
Under the condition of homogenous, isotropy and infinitely stretch aquifer, when discharge is 
constant, at the moment t after pumping starts  , the drawdown in the observation well with  a  distance  r  
from pumping well is expressed asΰChen Congxi,Lin Min,1999α:  
)W(
4
u
T
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S
                                                                                                                              ΰ1α  
Where s  is  groundwater head  drawdown in the observation well at the moment t,[L ], Q  is discharge 
rate [ L3 T-1], T  is the  transimissivity coefficient of aquifer ,[ L 2T-1], W(u) is  dimensionless  well 
function which  can be expressed: 
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where ȝ is the storage coefficient of  aquifer , dimensionless. 
From equation (2) , it is known that the value of  the infinite integral in the equation (2) should be 
calculated by numerical methods . Here the approximation expression for computing the value of 
dimensionless well function W(u) given by R.Srivastava (R.Srivastava,1995  ) is adopted ,which is 
expressed as: 
5
5
4
4
3
3
2
210ln)( uauauauauaauuW   ,   u 1d  
43
3
2
210
43
3
2
2101)(
uucucucc
uubububb
ue
uW u 

  ,               u 1t  
Where the values constants in the expression  are of 57772.00  a Ε 99999.01  a Ε
24991.02  a Ε 05519.03  a Ε 00976.04  a Ε 00108.05  a Ε 26777.00  b Ε
63476.81  b Ε 05902.182  b Ε 5733.83  b Ε 95850.30  c Ε 09965.211  c Ε
63296.252  c and 57332.93  c Η  
Rajesh (R.Srivastava,1995) points out  that the relative error between the value computed by this 
approximation and  the one  by  Theis  exact solution  is less than 0.001%. 
3.2.The construction of objective function  
The objective function should achieve minimum when it is used to estimate aquifer parameters by 
chaotic sequence optimization algorithm. The objective function in our problem of estimating aquifer 
parameters may be expressed as: 
  min1)( 2
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Where 0js  is  the observational value of groundwater head drawdown at jth time after pumping 
beginning, [L], cjs  is the value of groundwater head drawdown in jth time which was calculated by 
equation (1), ș is the vector of aquifer parameters to be estimated,  j=1,2,…, N is series number of 
observation moment during pumping test. The solution of Equation (4) is to choice suitable values of 
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aquifer parameter to make the average value of square sum of the difference between observational 
drawdowns and calculation ones. Here  ș1  represents the transmissivity of aquifer , ș2  the storage 
coefficient of aquifer. 
Because there is no special requirements for the characteristic of objective function except that the 
value of objective function can be calculated directly , so that  chaotic sequence optimization algorithm 
may applied to calculate aquifer parameters  in the other conditions of  aquifer and pumping test . That is 
to say, this method is of wider scope of application. 
3.3.Key parameters of algorithm 
From the description of chaotic sequence optimization algorithm, it is known that the key parameters 
of this algorithm are the length of chaotic sequence, the number of coarse search loops, the number of 
fine search loops and the initial guess ranges of estimating aquifer parameter values. 
y    the length of chaotic sequence:The length of chaotic sequence reflects size of practical state space. 
The longer the sequence is, the larger search range is, the more difficulty the result of calculation 
leading to local extreme is. Theoretically, the length of sequence should be infinite, but in this case 
the running time would be infinite also. In this pare, the numerical experiment was conducted by 
choosing eight lengths in the range of 50-1000 items.   
y   The number of coarse search:Coarse search operation was accomplished in the way of iteration 
process described in step 2, also is a search process in state space. Under the condition of given 
length of chaotic sequence, the larger the number of coarse search loops is, the better searching 
result in the state space is and the more difficulty results of search sinking into local minimum is. 
However too large number of coarse search loops cannot obviously improve the convergence of 
algorithm and it is undoubted that too large number of coarse search loops may only increase 
calculation-running time. The scheme with seven numbers of coarse search loops (L1=2-100) was 
adopted in the following numerical experiment.  
y   The number of fine search loops:The state variable is searched by adding smaller disturbance in the 
stage of fine search. Fine search is conducted based on coarse search results, it was carried based 
on carrier of equation 1,
*''
1,   niiini a TTT  given in step 4. Here iD  is disturbance coefficient, which is a 
random variable with uniform distribution, and its possible value is within the range of -0.5 to 0.5. 
Theoretically, the more near coarse results compare with the most optimization solution of object 
function, the easier the fine search is. The number L2 of fine search loops may be taken as a index 
to judge the quality of algorithm. The smaller the number of fine search loops is, the quicker the 
computation speed is and the better the convergence of the algorithm is.  
y   The range of initial values of aquifer parameters estimated:In step 2, through 
equation 1,21
'
1,   nini BB TT , chaotic variable 1, niT was transformed into optimization 1,' niT . Where 
B1 and B2 are constant, variation carries with scale variation. In the practical problem of estimating 
aquifer parameters, Let B1 is the value of minT and a non-negative number. In simulation 
experiment, minT  is possible minimum value and let minT = 0. B2 is maximum difference value of 
maxT and minT , that is 2B = maxT - minT . Twelve groups of estimated parameter initial values were selected in 
numerical experiment, the minimum value of maxT  is two times of calculation results of aquifer 
parameters by other method given in the reference (USDI, 1977). Maximum value of maxT  is five 
thousands times in order to test and verify the convergence of the algorithm introduced in this paper 
in the process of estimating aquifer parameters.  
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4.Numerical experiments 
4.1.The yield pumping data and experimental condition  
The yield pumping test data which is cited from the reference (USDI,1977 ) was used to verify 
reliability of chaotic sequence optimization algorithm. In this pumping test, pumping discharge is 
162.9ft3/min and total time of pumping period  is 800min. The observation data of groundwater head 
drawdown in the observation well in the period of  pumping stage  is listed in Table 1. The distance 
between observation well and pumping well is 100ft.  
According to the detail operation steps presented in the Section 2, the numerical experiments were 
conducted with  the program compiled by ourselves  in VB language . Numerical experiments  were 
conducted in the conditions of the different lengths of chaotic sequence, the different number of coarse 
search loops and the different initial value range. As the convergence of the algorithm, if it is good or bad 
is judged according to the number of fine search loops. The stop criterion of the search operation is that 
the absolute value of the objective function is less than 2×10-4  or the relative error of calculation results 
of aquifer parameters between two adjacent loops of  fine search is less than 1.0%. During the whole 
course of the numerical experiments, the phenomenon of non-convergence of the algorithm was not 
occurred.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4.2.Discussion of Experimental Result 
y   The results compared with those by other methods:The calculation results of aquifer parameters by 
chaotic sequence  optimization algorithm is shown in table. 2 and those by the other researchers 
with different methods are given in this table too. From table 2, it is known that the results of 
aquifer parameters by chaotic sequence optimization algorithm are very close with those by the 
TABLE 1ʳ The drawdowns  & time in pumping test  
t/min 5 10 15 20 25 30 40 50 60 70 80 90 100 
s/ft 0.0
8 
0.2
2 
0.3
3 
0.4
1 
0.5
0 
0.5
5 
0.6
6 
0.7
3 
0.8
0 
0.8
6 
0.9
2 
0.9
6 
1.0
0 
t/min 110 120 180 240 300 360 420 480 540 600 660 720 800 
s/ft 1.0
4 
1.0
7 
1.2
4 
1.3
5 
1.4
5 
1.5
2 
1.5
9 
1.6
5 
1.7
1 
1.7
3 
1.7
7 
1.8
1 
1.8
6 
 
TABLE  2   The results by different methods 
 
methods 
results 
 T/ ft2/min ȝ  
Chaotic optimization  
Tesis  fitting curve[10]  
Linear graphic [10] 
Sushil K.S. Method1[4 ] 
Sushil K.S. Method2 [5 ] 
31.571 
29.999 
33.000 
30.989 
32.738 
0.0629 
0.0670 
0.0600 
0.0630 
0.0655 
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other methods. Hence, it may be said that the algorithm of chaotic sequence optimization is reliable 
for estimating aquifer parameters from pumping test data. 
y   The length of chaotic sequence:Table 3 shows that the number of fine search loops is needed to 
meet the the condition of ending search operation in the different experimental conditions. These 
conditions include different ranges of initial guess values of transmissivity coefficient, which are 
taken in the range of 60-600 ft2/min, the different lengths of chaotic sequence and the different 
number of coarse search. When the storage coefficient given, with number of coarse search loops 
increasing, the number of fine search loops shows a decreasing trend .On the other hand, the 
number of fine search loops shows a steady trend in the increasing direction of the number of 
coarse search loops and the length of sequence. When the number of the sequences is longer than 
500, the relation between the number of fine search loops and that of coarse search loops is almost 
steady. From this point of view, it is not true that the longer the length of chaotic sequence is , the 
better the convergence of the  algorithm is in the calculation of  aquifer parameters by using chaotic 
sequence optimization algorithm. Therefore, it is suggested that suitable length of chaotic sequence 
is in the range of 400-600. 
TABLE 3   The number of fine searches with different length of chaos series and number of  coarse search loops 
 
 
 
 
 
 
 
 
 
 
 
 
y   The number of coarse search loops:The procedure of coarse search is a search operation in the state 
space for estimating aquifer parameters in the random and ergodic way. Theoretically, the more 
number of coarse search loops is, the more enough search is  in the search operation, the better 
values of aquifer parameters may be found . In this numerical experiment, too large number of 
coarse search loops may not improve the convergence of this algorithm obviously, but it may 
increase the time of search operation. Thus, the suitable number of coarse search loops should be 
that the better values of parameters to be estimated may be found and the values are not the local 
extreme value in this stage.   
From table.3 ,It may be seen that in the case of small length of chaotic sequence, the number of coarse 
search loops  bring some  influence on the number of fine search loops and when the length of chaotic 
sequence is longer , the number of coarse search loops may almost bring no influence on  the number of 
fine search loops. Here, it may be suggested that the suitable number of coarse search loops be between 2 
and 10. 
y   The ranges of initial guess values of aquifer parameters:It is known that tradition gradient method 
for solving the nonlinear least  square problem  is no-convergence or no-fixed result , if initial 
guess values of estimating parameters are chosen unsuitable and this  shortage limits the application 
of gradient search algorithm in solving nonlinear problem of function optimization. For the purpose 
of analyzing the effects of initial guess value range of estimating parameters on the convergence of 
   The number. of  
coarse earch 
Lengths   loops 
of  sequence    
  
 
2 
 
5 
 
10
 
20
 
30
 
50
 
10
0 
50 
100 
200 
400 
500 
600 
800 
1000 
24
11
12
9 
2 
2 
3 
3 
45
10
4 
5 
5 
6 
5 
3 
11
10
5 
5 
5 
4 
4 
2 
17
4 
7 
3 
2 
2 
2 
2 
11
5 
8 
2 
2 
2 
2 
2 
13
8 
11
10
10
9 
3 
3 
13
4 
5 
3 
3 
3 
2 
4 
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Table 4  The relationship between loops of fine search 
 and guess values of  transmissivity  
Times 
of transmissivity 
Coarse searchΚ2 
Sequence lengthΚ
200 
Coarse search Κ5
 Sequence lengthΚ
500 
2 
5 
10 
20 
50 
100 
200 
500 
1000 
2000 
3000 
5000 
12 
5 
6 
4 
3 
5 
4 
5 
7 
6 
8 
8 
3 
3 
3 
4 
3 
3 
4 
19 
5 
24 
6 
3 
this algorithm, the combination conditions of the two sequence lengths and the two numbers of 
coarse search loops were selected. The storage coefficient was taken the value of  0.5 as upper limit 
and 0 as lower limit .The upper limit of transmissivity coefficient is respectively selected as 12 
values between 2 and 5000 times of the calculation result given in the reference(USDI,1977 ), and 
the lower limit of transmissivity coefficient was taken zero. The results of numerical experiment 
may be seen in table 4. From table 4, it may be seen that the number of fine search loops is of some 
fluctuation in the different initial guess value of aquifer parameters. But the general trend is that the 
more larger the initial value range is , the more larger the number of  fine search loops is. During 
whole numerical experiment, no-convergence of algorithm or no-fixed answer value didn’t appear.  
It may be said t that initial value range of aquifer parameters may bring some e influence on the  
speed of  the algorithm convergence, but it does not influence on the final results of estimating  
parameters and whole convergence of  this algorithm. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5.Conclusion 
With the introduction procedure of chaotic sequence optimization algorithm and the discussion of 
practical calculation results of aquifer parameters, it is shown that the chaotic sequence optimization 
algorithm may  be effetely applied to solve the problem for analyzing pumping test data to estimate 
aquifer parameters. The results of numerical experiments show: 1)  that the range of initial guess     value 
of  aquifer  parameters  may  brings  some  influence  on   the  
convergence of the algorithm, but can not affect final computation results; 2) that  too long of chaotic 
sequence can’t improve the convergence obviously and the suitable the length is 400-600 in this practical 
example; 3) that during the course of the calculation, the number of coarse search loops can’t too large, 
the suitable range of loop number is from 2 to 10. Finally, it is necessary to point out that the chaotic 
sequence optimization algorithm is of wider application scope in solving problem of estimating aquifer 
parameters from the data of pumping test in the other aquifer conditions. 
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